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ABSTRACT 

Non-homogeneous binary quadratic equation representing hyperbola given by 857 22  yx
is analyzed for its 

non-zero distinct integer solutions. A few interesting relations among its solutions are presented. Also, knowing an 

integral solution of the given hyperbola, integer solutions for other choices of hyperbola and parabola are presented.
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I. INTRODUCTION 
 

The binary quadratic Diophantine equations of the form 
)0,,(,22  cbaNbyax

 are rich in variety and have 

been analyzed by many mathematicians for their respective integer solutions for particular values of 
ba,

and .N  In 

this context, one may refer [1-18]. 

 

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary 

quadratic equation given by, 
857 22  yx

 representing hyperbola. A few interesting relations among  its 
solutions are presented. Knowing an integral solution of the given hyperbola, integer solutions for other choices of 

hyperbolas and parabolas are presented. Also, employing the solutions of the given equation, special Pythagorean 

triangle is constructed. 

 

II. METHOD OF ANALYSIS 
 

The Diophantine equation representing the binary quadratic equation to be solved for its non-zero distinct integral 

solution is 

857 22  yx
        (1) 

Introduce the linear transformation 

TXyTXx 7,5 
            (2) 

From (1) & (2) we have, 

435 22  TX                                            (3) 
whose smallest positive integer solution is 

2,12 00  TX
 

To obtain the other solutions of (3), consider the Pell equation 

135 22  TX                                                             (4) 

whose smallest positive integer solution is 

1
~

,6
~

00  TX
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whose general solution is given by 

nnnn fXgT
2

1~
,

352

1~


 
where 

    11

356356



nn

nf
 

    11

356356



nn

ng
 

Applying Brahmagupta lemma between 
 00 , yx

 and 
 nn yx ~,~

, the other integer solutions of (1) are given by 

nnn gfx 65351135 1   

nnn gfy 77351335 1   
The recurrence relations satisfied by x and y are given by 

012 123   nnn xxx
 

012 123   nnn yyy
 

Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 

 
Table: 1 Numerical Examples 

n  
1nx

 1ny
 

-1 22 26 

0 262 310 

1 3122 3694 

2 37202 44018 

3 443302 524522 

4 5282422 6250246 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

 1. 1nx
& 1ny

values are even. 
 

2. Relations among the solutions   

012 321   nnn xxx
 

056 121   nnn yxx
 

056 221   nnn yxx
 

05716 321   nnn yxx
  

06071 131   nnn yxx
 

010 231   nnn yxx
 

06071 331   nnn yxx
 

076 112   nnn xyy
 

08471 113   nnn xyy
 

07716 123   nnn xyy
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07165 231   nnn xxy
 

065 232   nnn xxy
 

065 233   nnn xxy
 

076 212   nnn xyy
 

014 213   nnn xyy
 

076 223   nnn xyy
 

07671 312   nnn xyy
 

08471 313   nnn xyy
 

076 323   nnn xyy
 

012 321   nnn yyy
 

 

3. Each of the following expressions represents a nasty number 

 1203904650
10

1
3222   nn xx

 

 144039055410
120

1
4222   nn xx

 

 24390462
2

1
2222   nn yx

 

 1443905502
12

1
3222   nn yx

 

 170439065562
142

1
4222   nn yx

 

 120465055410
10

1
4232   nn xx

 

 1444650462
12

1
2232   nn yx

 

 2446505502
2

1
3232   nn yx

 

 144465065562
12

1
4232   nn yx

 

 170455410462
142

1
2242   nn yx

 

 144554105502
12

1
3242   nn yx

 

 245541065562
2

1
4242   nn yx

 

 1685502462
14

1
2232   nn yy
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 201665562462
168

1
2242   nn yy

 

 168655625502
14

1
3242   nn yy

 
 

4. Each of the following expressions represents a cubical integer 

 214333 195232565775
10

1
  nnnn xxxx

 

 315333 19527705659235
120

1
  nnnn xxxx

 

 113333 1952316577
2

1
  nnnn yxyx

 

 214333 195275165917
12

1
  nnnn yxyx

 

 315333 195327816510927
142

1
  nnnn yxyx

 

 325343 2325277057759235
10

1
  nnnn xxxx

 

 123343 232523177577
12

1
  nnnn yxyx

 

 224343 23252751775917
2

1
  nnnn yxyx

 

 325343 23253278177510927
12

1
  nnnn yxyx

 

 133353 27705231923577
142

1
  nnnn yxyx

 

 234353 2770527519235917
12

1
  nnnn yxyx

 

 335353 2770532781923510927
2

1
  nnnn yxyx

 

 123343 275123191777
14

1
  nnnn yyyy

 

 133353 327812311092777
168

1
  nnnn yyyy

 

 234353 32781275110927917
14

1
  nnnn yyyy

 
 

5. Each of the following expressions represents a bi-quadratic integer 

 60260310065775
10

1
32225444   nnnn xxxx
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 72026036940659235
120

1
42226444   nnnn xxxx

 

 122603086577
2

1
22224444   nnnn yxyx

 

 72260366865917
12

1
32225444   nnnn yxyx

 

 852260437086510927
142

1
42226444   nnnn yxyx

 

 603100369407759235
10

1
42326454   nnnn xxxx

 

 72310030877577
12

1
22324454   nnnn yxyx

 

 1231003668775917
2

1
32325454   nnnn yxyx

 

 7231004370877510927
12

1
42326454   nnnn yxyx

 

 85236940308923577
142

1
22424464   nnnn yxyx

 

 723694036689235917
12

1
32425464   nnnn yxyx

 

 123694043708923510927
2

1
42426464   nnnn yxyx

 

 84366830891777
14

1
22324454   nnnn yyyy

 

 1008437083081092777
168

1
22424464   nnnn yyyy

 

 8443708366810927917
14

1
32425464   nnnn yyyy

 
 
6. Each of the following expressions represents a quintic integer 

 2143336555 6507750325387565775
10

1
  nnnnnn xxxxxx

 

 3153337555 6509235032546175659235
120

1
  nnnnnn xxxxxx

 

 1133335555 6507703253856577
2

1
  nnnnnn yxyxyx

 

 2143336555 6509170325458565917
12

1
  nnnnnn yxyxyx
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 3153337555 650109270325546356510927
142

1
  nnnnnn yxyxyx

 

 3253437565 7750923503875461757759235
10

1
  nnnnnn xxxxxx

 

 1233435565 7750770387538577577
12

1
  nnnnnn yxyxyx

 

 2243436565 7750917038754585775917
2

1
  nnnnnn yxyxyx

 

 3253437565 775010927038755463577510927
12

1
  nnnnnn yxyxyx

 

 1333535575 9235077046175385923577
142

1
  nnnnnn yxyxyx

 

 2343536575 9235091704617545859235917
12

1
  nnnnnn yxyxyx

 

 3353537575 923501092704617554635923510927
2

1
  nnnnnn yxyxyx

 

 1233435565 9170770458538591777
14

1
  nnnnnn yyyyyy

 

 1333535575 109270770546353851092777
168

1
  nnnnnn yyyyyy

 

 2343536575 109270917054635458510927917
14

1
  nnnnnn yyyyyy

 
 

III. REMARKABLE OBSERVATIONS: 
 

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of hyperbola which are presented in the Table: 2 below: 

 
Table: 2 Hyperbolas 

 

S. No 

Hyperbola  YX ,
 

1 40035 22  YX   1221 13111,65775   nnnn xxxx
 

2 5760035 22  YX   1331 156111,659235   nnnn xxxx
 

3 1635 22  YX   1111 1311,6577   nnnn xyyx
 

4 57635 22  YX   1221 15511,65917   nnnn xyyx
 

5 8065635 22  YX   1331 184711,6510927   nnnn xyyx
 

6 40035 22  YX   2332 1561131,7759235   nnnn xxxx
 

7 57635 22  YX   2112 13131,77577   nnnn xyyx
 

8 1635 22  YX   2222 155131,775917   nnnn xyyx
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9 57635 22  YX   2332 1847131,77510927   nnnn xyyx
 

10 8065635 22  YX   3113 131561,923577   nnnn xyyx
 

11 57635 22  YX   3223 1551561,9235917   nnnn xyyx
 

12 1635 22  YX   3333 18471561,923510927   nnnn xyyx
 

13 78435 22  YX   2112 13155,91777   nnnn yyyy
 

14 11289635 22  YX   3113 131847,1092777   nnnn yyyy
 

15 78435 22  YX   3223 1551847,10927197   nnnn yyyy
 

 

2.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of parabola which are presented in the Table: 3 below: 

 
Table: 3 Parabolas 

 

S. No 

Parabola  YX ,
 

1 2003510 2  YX   123222 13111,65775   nnnn xxxx
 

2 2880035120 2  YX   134222 156111,659235   nnnn xxxx
 

3 8352 2  YX   112222 1311,6577   nnnn xyyx
 

4 28835142 2  YX   123222 15511,65917   nnnn xyyx
 

5 4032835142 2  YX   134222 184711,6510927   nnnn xyyx
 

6 2003510 2  YX   234232 1561131,7759235   nnnn xxxx
 

7 2883512 2  YX   212232 13131,77577   nnnn xyyx
 

8 8352 2  YX   223232 155131,775917   nnnn xyyx
 

9 2883512 2  YX   234232 1847131,77510927   nnnn xyyx
 

10 4032835142 2  YX   312242 131561,923577   nnnn xyyx
 

11 2883512 2  YX   323242 1551561,9235917   nnnn xyyx
 

12 8352 2  YX   334242 18471561,923510927   nnnn xyyx
 

13 3923514 2  YX   212232 13155,91777   nnnn yyyy
 

14 5644835168 2  YX   312242 131847,1092777   nnnn yyyy
 

15 3923514 2  YX   323242 1551847,10927917   nnnn yyyy
 

 

IV. CONCLUSION  
 

In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by 

hyperbola is given by 
857 22  yx

. As the binary quadratic Diophantine equations are rich in variety, one may 
search for the other choices of equations and determine their integer solutions along with suitable properties. 
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